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Abstract: Stochastic track irregularities influence additional dynamic forces 
developed in the vehicle-track interaction that lead to faster 
deterioration of track. For economical track maintenance it is important 
to understand the relationship between the irregularities recorded by 
conventional track geometry measuring car and the resulting dynamic 
vehicle responses. This paper focuses on the correlation between lateral 
and vertical axlebox accelerations and differently processed track 
geometry parameters based on a real measurement run on straight track. 
Decolouring of chord-offset measurement results was performed and 
derivatives of track geometry parameters were calculated for 
comparison. Those track geometry parameters have been selected 
which provide the most accurate information about the recorded 
wheelset accelerations caused by track geometry irregularities, eg. 
second order derivative of cross level. 
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1. Introduction 

The deterioration of the railway track is primarily caused by static and dynamic 
forces transferred from the vehicles. The railway track alignment always deviates 
from nominal geometry; it contains vertical and lateral geometric irregularities. The 
railway wheelset passing through the geometric defects is forced to ‘follow’ these 
irregularities, because of that the railway vehicle's wheelsets, bogies and car body 
have three dimensional trajectory movement. Therefore, vertical and lateral 
accelerations of wheelsets, bogies and car body can be measured at any position. If 
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wheelset, bogies and car body are considered as rigid bodies coupled with springs 
and dampers, the forces between the track and the vehicle can be determined from 
the accelerations on rigid bodies [1]. These dynamic forces accelerate the 
deterioration of track geometry and the presence of rolling contact fatigue type rail 
defects , e.g. track twists, squats, rail cracks, etc. [2].  

The forces required for irregular movements of certain rigid bodies (wheelsets, 
bogies, car body) are directly proportional to body mass and acceleration according 
to Newton's laws. Although the mass of the car body is large, its accelerations are 
usually small. The wheelsets and bogies suffer significant acceleration, the forces 
required for their displacement ultimately dominate the dynamic forces between the 
railway vehicle and the track. [3] In this article the relationship between the 
acceleration of the wheelset and the track irregularities recorded by track geometry 
measurement is analysed. Vertical irregularities are often caused by an 
inhomogeneous longitudinal subgrade stiffness/damping distribution. [4] 

This paper attempts to determine the relationship between the simultaneously 
recorded conventional track geometry parameters (longitudinal level, alignment, 
cross level) and vertical/lateral accelerations of the railway wheelset on straight track 
segments, i.e., how they are related to forces exerted by irregular vehicle movements 
that cause further geometric deterioration of the track (Figure 1). 

 

Figure 1. System view of track geometry parameters and wheelset dynamic 
responses 

Nowadays, more and more in-service passenger trains are equipped with inertial 
sensors providing an useful estimation of the current track quality on daily basis. 
Therefore, it is important to understand the relationship between ‘vehicle response’ 
and track geometry deviation from the nominal alignment. [5] [6] [7]. In the past 
period, track geometry assessment systems of infrastructure managers adopted 
different theoretical and empirical approaches, and a demand emerged to create an 
intervention limit system based on dynamical vehicle responses. [8] It is also 
important to understand the multiplicity of vehicle responses by testing and 
simulation for the acceptance of running characteristics of railway vehicles. [9] 

longitudinal level 

cross level 

alignment 

wheelset vertical acceleration 
wheelset lateral acceleration 
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Based on track geometric irregularities, complex multi-body software is used to 
estimate acceleration on the vehicle, and the literature deals with the development 
of so-called performance-based track geometry [10]. The vehicle-track system 
contains many nonlinearities, and neural networks are particularly suitable for 
analyzing them. [11]. The recent Dynotrain project also paid particular attention to 
vehicle reactions to track geometric defects. [12] 

2. Methodology 

The measurement data required for the experiments now presented were recorded 
by track geometry measuring system and the vehicle dynamic measurement system 
operating simultaneously on the measuring car FMK-007, which is originally an 
intercity wagon and it was adapted for track diagnostic purposes by MÁV Central 
Rail and Track Inspection Ltd. 

The longitudinal level and alignment results used in the experiments now 
presented are derived from a chord offset measurement system. Therefore, from 
these measurement results for the correct calculation, the distortion of the chord 
system has to be compensated by so-called decolouring method. Although European 
standards [13] require the use of a band-pass filter for a given wavelength range for 
the assessment of track maintenance measurements, in reality the dynamic response 
of the vehicle depends on all wavelength components in the track, in this way tests 
are also performed on decoloured but unfiltered data as well. 

2.1. Track geometry measurement data 

Track geometry measuring system of the FMK-007 consists of 3 laser units per 
rail, complemented by an inertial unit between the central laser units. Measurement 
of longitudinal level and alignment bases on all laser units, as detailed below. Cross 
level is calculated according to inclination measurement of inertial unit mounted on 
car body and neighbouring laser sensors compensate for the motion of the car body 
relative to the rails.  

The measuring system works with ∆x = 0.25 m step equidistant sampling. To 
avoid numerical errors, the lengths of the chord parts for the longitudinal level and 
alignment resulting from the positioning of the laser units were rounded to 0.25 m. 
The complex transfer function of the chord system �(�) can be calculated with Eq. 
(1) known from the literature [14]:  

 �(�) = 1 − �
	 
��

� � − �
	 
����

� � , (1) 
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Figure 2. Asymmetric chord offset measurement system  
of track recording car FMK-007 (drawn by the author) 

where the value of a, b and L (Figure 2) depending on the asymmetric chord are 
4.00 m, 19.00 m, 23.00 m, respectively. The parameter λ is the wavelength and i is 
the imaginary unit. In the opposite direction of measurement, a and b are reversed. 
The amplitude characteristics (2) and phase characteristics of the system (3) is the 
same as the magnitude (Figure 3) and phase (Figure 4) of complex function H, 
respectively: 

 |�(�)| = ��1 − �
� cos �2�

� � − �
� cos �2�

� � !" + ��
� sin �2�

� � − �
� sin �2�

� � !2
,

  (2) 

 ∠�(�) = arctan

* +,-���

� � ��
* +,-���

� � 
.��

* /0+���
� � �

* /0+���
� � , (3) 

 

Figure 3. Magnitude of transfer function of the asymmetric chord measurement 
system (4+19 m)  
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Figure 4. Phase of the transfer function of the asymmetric chord measurement 
system (4+19m) 

The calculations were carried out with data series of straight track section of 1 km, 
which contained a total of N = 4001 values per measurement parameter. Raw track 
geometry measurement parameters used: 

 cross level (CL), 
 longitudinal level of left rail (LLl,chord), longitudinal level of right rail 

(LLr,chord), 
 alignment of left rail (ALl,chord), alignment of right rail (ALr,chord). 

The data of cross level parameter could be used directly, but for the longitudinal 
level and alignment parameters had to be decoloured in order to remove the 
distortion of the chord offset measurement. To do this, the Fourier transform of the 
sequence must be multiplied by the inverse of the transfer function: 

 1(�) = 2(�) ��.(�) , (4) 

where F is the Fourier transform of the real track shape labelled with f, and G is 
the Fourier transform of the measured track geometry data g (which may be LLl,chord, 
LLr,chord, ALl,chord, ALr,chord): 

 24 = ∑ 67
8−17=0  
−2�:7

8; , (5) 

 where k = 0,1,… N–1 and 

 � = < =>
4  , (6) 

where � represents considered wavelength. (If k = 0, then the general shift of 6 is 
in question.) 

Reciprocating by definition 

 ��. = ?@(A)�� BC(A)
|�|2 , (7) 
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at low values of |�| makes the calculation numerically unstable and it cannot be 
applicable if zero value is used. Managing this problem requires great care, as H 
needs to be modified and this also affects the result. According to Insa [15] complex 
numbers less than a given value should be replaced by 1. However, in this study, in 
case of |�| < E the Eq. (7) was modified as follows: 

 �|A|FG�. = ?@(A)�� BC(A)
G� , (8) 

where c is 0.2, determined after multiple trials. The decoloured parameter f (which 
may be LLr, LLl, ALr, ALl), was calculated using (4) and after that an inverse-Fourier 
transform was performed on function F(λ): 

 HI = 1
8 ∑ 1:8−1:=0  
2�:7

8; , (9) 

Of the converted 1 km track section, only the middle 800 m could be used well 
because of numerical issues. 

On function f, the band-pass filtering for D1 wavelength range (3 m < λ < 25 m) 
according to EN 13848 [13] resulted in sequences LLr,D1, LLl,D1, ALr,D1, ALl,D1. 

2.2. Acceleration measurement data 

In this paper only some accelerometer sensors of the vehicle dynamic 
measurement system of the car FMK-007 were used. The accelerometer sensors 
located at the axlebox of leading wheelset considering the measurement direction 
was taken into account. Positioning of sensors are (Figure 5): 

 there are one-axle vertical accelerometer sensors above the axleboxes on 
both sides of the leading wheelset, the labelling of which are JKL and JKM, 

 there is a one-axle lateral accelerometer sensor above the axlebox on left 
side of the wheelset, the labelling of which is NK . 

The accelerometer sensors are located at a height of h = 0.65 m above the rail top 
level on a vertical console attached to the end of the axlebox (Figure 6), the distance 
between the vertical accelerometers is q = 2.5 m, the average distance of the wheel-
rail contact patches is t = 1.5 m. During the study, it was focused on the relevant 
wavelengths of track geometry, which starts, according to Salvador [16] at around 2 
metres. There was no goal to investigate rail surface defects (e.g. squat). Therefore, 
the acceleration signals were passed through a 16 Hz second-order Butterworth low-
pass filter and recorded at 300 Hz sampling rate (gain: ± 100g). 
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Figure 5. Accelerometer sensors NK , JKL, JKM mounted above the axleboxes and 
visualization of rotated wheelset due to cross level defect (drawn by the author) 

 

Figure 6. Accelerometer sensor box mounted above the axlebox 
(photo taken by the author) 

2.3. Connection between lateral and vertical axlebox accelerations  

In the case of level irregularity of one of the rails, due to the change in the cross 
level CL the wheelset is rotated around one rail as marked by Φ in Figure 5. Because 
of small angles: 

 O� ≈ t Q , (10) 

height difference between vertical accelerometers located above the end of the 
axleboxes: 

 ΔJ ≈ q Q , (11) 
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lateral displacement of the accelerometer mounted on the axlebox at height h:
 ΔN ≈ h Q . (12) 

Therefore, the following relationship can be assumed between the vertical axlebox 
acceleration and the lateral axlebox acceleration when passing through a track twist: 

 NK=UK = V
W (JKL − JKM) . (13) 

2.4. Axlebox acceleration calculation based on track geometry data 

If the wheels ‘follow’ the rail irregularities perfectly, the trajectory movement of 
the wheels will be same as the track geometry which is recorded. If a constant 
measuring speed is assumed, the accelerations of the wheelset can be calculated 
based on track geometry results by double deriving. [17] Taking into account the 
actual speed, an estimation was made for the axlebox acceleration. Compared to the 
acceleration signals, it was found that the Δx = 0.75 m step is the most favourable 
for numerical derivation. Derivatives are: 

 H′(Y) = Z(>[=>)�Z(>)
=> , (14) 

 H′′(Y) = Z(>[=>)�"Z(>)[Z(>�=>)
=>� , (15) 

 H′′′(Y) = Z(>["=>)�\Z(>[=>)[\Z(>)�Z(>�=>)
=>] , (16) 

where H(I)(Y) is the n-order derivative of a track geometry parameter at section x 
and H(Y − ^Y), H(Y + ^Y) are the values of LL, AL, CL, 0.75 m before and after 
section x, respectively. 

The resulting acceleration is proportional to the square of the speed. The expected 
track acceleration based on track geometry is therefore calculated by following 
equations. Considering the permanent travel speed v, the estimate of left vertical 
wheel acceleration based on the left longitudinal level is: 

 JKL,		,L = ��L__(Y) `". (17) 

Taking into account the permanent travel speed, the estimate of lateral wheelset 
acceleration based on the left alignment is (assuming that wheelset directly ‘follows’ 
lateral track irregularities): 

 NKa	,L = b�L__(Y) `", (18) 

Taking into account the permanent travel speed, accelerometer positioning and 
wheelset measures, the estimate of lateral wheelset acceleration based on cross level 
is: 
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 NKc	 = V
d O�′′(Y) `". (19) 

Because of noise, the value of NKGL was smoothed by a 0.75 m moving average. 

2.5. Calculation of correlation coefficient 

When acceleration signals were compared to track geometry measurements, a 
resampling of 0.25 m step was performed on the acceleration data. Synchronisation 
of signals was carried out manually. The method of calculating the correlation 
coefficient was the same as that used by Karis et al. [18]:  

 ef,g  = /0h(f,g)
ijik =  ∑ (fl�fm)(gl�gn)olpq

�∑ rfl�fms�olpq  ∑ rgl�gns�olpq
. (20) 

 

3. Results 

3.1. Correlation between vertical and lateral axlebox accelerations 

Correlations between vertical and lateral axlebox accelerations were investigated 
on a Hungarian railway line (Budapest–Kelebia), with variable measurement speeds 
(0–80 km/h), omitting the curved sections, over 45 km length, as well as over 1 km 
long straight section with constant speed of 79 km/h (Table 1).  

The standard deviation of the decoloured and D1 filtered parameters on the 
examined 1 km long section is given as follows. Standard deviations (in millimetres) 
of left longitudinal level, right longitudinal level, left alignment, right alignment are 
2.71, 2.33, 1.22 and 1.28, respectively. 

The correlation coefficient between JKL − JKM and NK , over the tested 45 km 
inhomogeneous and variable speed section is 0.75 and over the 1 km homogeneous 
section 0.79. There is also connection between NK  and separately recorded vertical 
axlebox accelerations. The lateral accelerometer is located on the left side and the 
numbers indicate that the connection with the left vertical accelerometer shows 
higher correlation. 
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Table 1. Correlation coefficients between vertical and lateral wheelset 
accelerations (45 km various track and various measuring speeds) 

 

45 km track, 
various 
speed 

1 km track, 
constant 

speed 
 tK  [m/s2] 

JKM  [m/s2] –0.39 –0.57 
JKL  [m/s2] 0.46 0.68 

JKL − JKM  [m/s2] 0.75 0.79 

Figure 7 shows the measured and the estimated lateral axlebox acceleration which 
was calculated by Eq. (13) based on JKL − JKM. 

 

Figure 7. Measured lateral axlebox acceleration and estimated wheelset lateral 
acceleration based on vertical axlebox acceleration difference 

 

3.2. Correlation between vertical axlebox accelerations and longitudinal level 

Correlation coefficients were calculated for the 1 km (800 m) long section detailed 
above, comparing the left axlebox acceleration and the left longitudinal level (Table 
2).  

The acceleration measured on the left axlebox correlates with the second order 
derivative of the de-coloured left longitudinal level (��L__) significantly (0.63). The 
correlation with the second order derivative of the original chord measurement data 
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is close to this (0.56). The statistical relationship to the D1 filtered data is in low 
level. 

Table 2. Correlation coefficients between vertical axlebox accelerations and 
longitudinal level derivatives (0.8 km track, 79 km/h speed) 

 uK v [m/s2] 
��L,GwxMy [mm] 0.40 
��L,GwxMy__  [mm] 0.56 

��L,z. [mm] 0.21 
��L,z.__  [mm] 0.14 
��L  [mm] 0.38 
��L_  [mm] 0.42 
��L__ [mm] 0.63 
��L___ [mm] 0.43 

A Figure 8 shows the measured left vertical axlebox acceleration and the estimated 
left lateral wheel acceleration which was calculated by Eq. (17) based on ��L__. It 
should be taken into consideration that the vertical acceleration and the longitudinal 
level were measured in two separate planes: at the axleboxes and at the rail, 
respectively. 

 

 

Figure 8. Measured vertical axlebox acceleration and estimated vertical wheel 
acceleration based on longitundinal level (left) 
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3.3. Correlation between lateral axlebox acceleration and alignment and cross 
level 

Correlation coefficients were calculated for the 1 km (800 m) long section detailed 
above, for the cross level and for left alignment (Table 3). In the alignment 
parameter, neither the original chord nor the decoloured data showed a noticeable 
statistical relationship with the lateral axlebox acceleration, not even the second 
derivative. However, the second order derivative of the cross level is closely related 
to the lateral axlebox acceleration, where the correlation coefficient is 0.77. First 
order derivative of cross level (O�′) was also calculated, which corresponds to 
traditional ‘track twist’ on 0.75 m base, but its correlation is weaker. 

Table 3. Correlation between vertical axlebox acceleration and alignment and 
cross level (0.8 km track, 79 km/h speed) 

 tK  [m/s2] 
b�L,GwxMy  [mm] 0.07 
b�M,GwxMy  [mm] 0.12 
b�L,GwxMy__  [mm] –0.02 
b�M,GwxMy__  [mm] 0.05 

b�L,z. [mm] 0.02 
b�M,z. [mm] 0.05 
b�L,z.__  [mm] –0.07 
b�M,z.__  [mm] 0.02 

b�L [mm] 0.07 
b�M [mm] 0.09 
b�L__ [mm] 0.02 
b�M__ [mm] 0.03 
O� [mm] 0.35 

O�_  [mm] 0.53 
O�__  [mm] 0.77 
O�___ [mm] 0.60 

Figure 9 shows the measured lateral axlebox acceleration and the estimated lateral 
axlebox acceleration which was calculated by Eq. (18) based on b�L__ and the 
estimated lateral axlebox acceleration which was calculated by Eq. (19) based on 
O�′′. 
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Figure 9. Measured lateral axlebox acceleration and estimated lateral 
acceleration based on alignment (left) and cross level 

4. Conclusions 

For economical track maintenance it is important to understand the relationship 
between the irregularities recorded by conventional track geometry measuring car 
and the resulting dynamic vehicle responses. The conclusions reached in this article 
are based on experiment carried out on only straight track in average condition which 
contains only stochastic track geometry irregularities but no curves or transition 
curves. 

The difference of the signals of the vertical accelerometers (mounted above the 
left and right axleboxes) correlated with the signal of the lateral axlebox 
accelerometer significantly. Therefore, it can be concluded that the lateral 
accelerations of the axlebox are decisively influenced by the roll movements of the 
wheelset resulting from rate of the change of cross level. The differences of the 
vertical axlebox accelerations and the lateral axlebox acceleration are practicably 
proportional, and the proportionality constant results come from the geometric 
position of the accelerometers. 

Based on the correlation analysis of the longitudinal level and the measured 
vertical accelerations it can be stated that the highest correlation was found in case 
the chord measurement was decoloured using the inverse of the transfer function and 
the second derivative of the resulting data series was produced. This means that the 
amplitude-based local fault evaluation used in the current track maintenance practice 
is not entirely adequate to limit the force exerted in the vehicle-track system, but 
rather the second order derivative of the longitudinal level. This coincides with the 
often stated statement in the international and Hungarian literature: not only the 
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amplitude of the local defect, but also its ‘wavelength’ is essential. However, based 
on the present study, it can be said that second order derivative is determinant. The 
optimum step of numerical derivation from the point of view of correlation is 
believed to depend on the speed of the vehicle and the low pass filtering rate applied 
on the acceleration signals: for 80 km/h and 16 Hz low-pass filter frequency a step 
of 0.75 m was favourable. Vertical acceleration and the longitudinal level were 
measured in two separate planes, in this way left axlebox acceleration could be 
influenced by both left and right longitudinal level. 

Filtering to the D1 wavelength range greatly reduces the correlation between 
longitudinal level and measured vertical accelerations. This is explained by the fact 
that larger accelerations occur in short-wave track geometry defects that are reduced 
or eliminated by D1 filtering. 

On the straight line examined, the lateral axlebox acceleration and any derivatives 
of the alignment parameters appeared to be statistically independent. This is due to 
the fact that the wheelset does not directly ‘follow’ the stochastic lateral rail 
irregularities with small amplitude, so there is no linear statistical relationship 
between the two sets of data. Small alignment irregularities cause only wheel-rail 
contact patch displacement, not a lateral wheelset displacement. 

On the basis of the calculated correlation between the cross level derivatives and 
the lateral axlebox acceleration, it can be concluded that the lateral accelerations of 
wheelsets (and bogies) were influenced by the cross level changes primarily. The 
first derivative of the cross level (which is similar to the ‘track twist’) produced a 
lower level correlation, but based on the second derivative of the cross level, the 
lateral axlebox acceleration can be estimated well. Therefore, it is also advisable to 
consider the second order derivatives of the cross level for the analysis of the effects 
from vehicle on the track. Cross level defects can therefore cause not only vertical 
extra forces but significant lateral forces as well. From the point of view of safety 
against derailment, the lateral force component between the wheel and the rail is of 
key importance and attention should be paid. 

However, the author dealt only straight tracks in this article, in the future dynamic 
parameters are able to be analysed not only on straight track, but also in curves and 
transition curves. The European railway track design standard [19] contains the 
calculation possibility (method) of different dynamic parameters (eg. ‘angular 
acceleration around roll axis’, ‘angular jerk around roll axis’). Some researchers 
investigated the transition curves from geometrical and design aspects [20] which 
results can be used in the future analyses.  
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